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1. Introduction

The notion of Castelnuovo—-Mumford regularity plays a central role in modern commutative
algebra and algebraic geometry, as it provides a quantitative measure of the complexity of graded
modules and their associated sheaves. In particular, regularity governs the vanishing of
cohomology, the degrees of generators of syzygies, and the computational behavior of minimal
free resolutions. Over the years, considerable effort has been devoted to understanding and
bounding the regularity of homogeneous ideals and graded modules in terms of intrinsic
algebraic invariants.

A fundamental problem in this direction is to determine effective upper bounds for the
regularity in terms of data such as the degrees of generators, the dimension, or other homological
invariants. Classical results show that regularity is finite and behaves well under several natural
operations, yet explicit bounds are often difficult to obtain and tend to grow rapidly with the
complexity of the underlying structure. This has led to a rich body of work exploring both
general bounds and sharper estimates in special cases, including monomial ideals, ideals with
fixed dimension, and classes of ideals arising from combinatorial or geometric constructions.
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The following lemma gives us a nice description of the powers of the generalized edge ideals
in the presence of a leaf vertex.

Lemma 3.1. Let G be a simple graph and x;€ V (G) a leaf vertex with N¢(x;) = {x;}. Suppose

that I = I4(G) is a generalized edge ideal of G, ] = I4(G \ x;). Then for all s = 2 we have the

following.

i Wij Wi Wii Wii
MU " x ") = G52, % )
Wij Wii

(ii) If w;; < w; for all x,.€ No(x;), then (I°:x; "'x; ") = 571

The next result gives a bound for the regularity of powers of generalized edge ideals in
terms of the regularity of two different ideals obtained from Iy(G)>.

Theorem3.2 Let G be a simple graph and x;€ V (G) a leaf vertex with N¢(x;) = {x;}. Suppose
that I = [4(G) is a generalized edge ideal of G, ] = Ig(G\x;), and w;i < wjfor all x.€ Ne(x;).
Then for all s > 2

reg(I°) < w;; +w;; + max{reg(I°*"1),reg(J*) — 1}
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1
Finally, we give one of the main results of this article, which gives a bound for the regularity of
powers of generalized edge ideal I;(G) in terms of the regularity of the ideal I;(G) and the regularity
of various powers of the generalized edge ideals of a subgraph obtained from G.

Theorem3.4 Let G be a simple graph and x;€ V (G) a leaf vertex with N¢(x;) = {x;}. Suppose that I =
I4(G) is a generalized edge ideal of G, ] = Io(G\x;), and w;,; < w;for all x. € Ng(x;).

Then for all s = 2

reg(I®) < (s — D(w;; + wj;) + max{reg(),reg(J?),reg(J?®), ..., reg(Js).

In this paper, we investigate new bounds on the regularity of the generalized edge ideals. Our
approach is based on combinatorial arguments, which allows us to derive bounds that improve
upon or complement existing results in the literature. In particular, we establish 3.4, providing new
insight into how regularity depends on the structural properties of the object under consideration.

Our paper is organized as follows. In Section 2, we collect necessary definitions and
terminologies. In Section 3, we have proved some results on the regularity. In Section 3, we give an
upper bound for reg(Is), where I = I4(G) is a generalized edge ideal, G contains a leaf vertex, and s =
2.
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2. Preliminaries

In this section, we recall some preliminary definitions, notations, and terminology of algebra and
graph theory that will be used throughout the paper. We refer the reader to the standard texts [6],
[46] for the definitions and results used in this paper. We recall some well-known notions of graph
theory, and the associated algebraic objects that we want to study in the following sections.

Definition 2.1. Let G be a simple graph. An edge ideal I(G) is defined by
1(G) = (x;x;: {x;,x;} € E(G)).

Definition 2.2. Let G be a simple graph. A generalized edge ideal I(G) of G is defined by
Wij, Wii,

I(G) = (% X; .{xixj} € E(G))),

where w; ; > 1is called the relative weight of x;with respect to x;.

Let I4(G) be a generalized edge ideal of a simple graph G and x;€ V (G). We say that the relative
weight of x;is uniform if all the relative weights ofx;are equal, i.e, there exist w; € Nsuch thatw; ; =

w;for all j with {x;, x;} € E(G).

Definition 2.3. Let G be a simple graph. A vertex x€ V (G) is called a leaf vertex if | Ng(x)| = 1, where
Ne(x) ={y € V(G) : {x, ¥} € E(G)}.

Let R = K[xy,...x,], and M be a graded R-module. We write G(M) to denote a set of minimal
generators of the module M, and p(M) to denote the cardinality of the set G(M). A graded minimal
free resolution of M is given by

Fier @ R(—j)PiiM) M@ R(—=))Pi-1iM) ... 5@ R(—j)PoiM) MM >0

The numbersp; j(M) are called thegraded Betti numbersof the module M, and 5;(M) :Zj>0[)’ij(M),
i>0 arecalled the total Betti numbers of the module M. Note that the maps

d(iM) in the minimal free resolution of M are between free R-modules, and hence they can be
expressed as matrices with entries coming from R. Moreover, if [ is a monomial ideal, the entries of
the matrices d(i,I) can betaken to be monomials as well.For a monomial,f= xfl xﬁ” the set Supp(f)
= {x;: a;#0} iscalled the support of f. If Supp(f) ={x; ,....x;, },we sometimes say that the monomial fis

supported by the variablesx;,, ..., X;, .
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Definition 2.4. For a graded R-module M, the Castelnuovo-Mumford regularity(for simply, the
regularity) of M, denoted by regM, is defined by

regM = max{j —i: By (M) # O}

In general, it is a very difficult task to get hold of the graded Betti numbers for a module M. But if
M is given to be a monomial ideal, then one can compute the multigraded Betti numbers of M by
looking at the upper-Koszul simplicial complexes associated with M. A simplicial complex A on the
vertex set V= {x;,..,x,} is a collection of subsets of Vsuch that {x;} € A for all x;€ Vandif FEA F'C
Fthen F'€ A. Elements of A are called the faces of A, and the maximal elements with respect to
inclusion are called the facets.

Definition 2.5. Let I © R = K[x, ..., x,] be a monomial ideal and let a = (a3,..,a,) € Nrbe an Nn-
graded degree. The upper-Koszul simplicial complex associated with I of degree a, denoted by K«(I),

is the simplicial complex over V = {x4, ..., x,} whose faces are:

aq an
{W cyiin ¢ 1}.

X EW Xi

Theorem 2.6. [3, Theorem 2.2] Given a monomial ideal I in R = K[xy, ..., X,,], the multigraded
Betti numbers of I are

Bia(I) =dimgH;_, (K(I);K) fori= 0 and a € N,
For d € Nthe ith Betti number of degree d of I is

Bia(1) =XBia(l),
|a|=d
where |a| = a1+ -+ + an.

Lemma 2.7. [37, Corollary 18.7] Suppose that

0—->U--U--U"--0
is a short exact sequence of graded finitely generated R-modules with homomorphisms of
degree 0. Then reg(U') < max{reg(U),reg(U")}.
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Lemma 2.8. [37, Proposition 18.6] Suppose that

0—->U-—->U'-->U"--0

is a short exact sequence of graded finitely generated R-modules with homomorphisms of
degree 0. Ifreg(U') >reg(U""), then reg(U) = reg(U’).

3. Bounds for the Regularity of Generalized Edge Ideals

In this section, we give some upper bounds for the regularity of powers of generalized edge
ideals. The following lemma gives us a nice description of the powers of the generalized edge ideals
in the presence of a leaf vertex.

Lemma 3.1. Let G be a simple graph and x; € V(G)a leaf vertex withN;(x;) = {x;}. Suppose that I =
I4(G) is a generalized edge ideal of G, ] = I4(G \ x;). Then for all s 2 2 we have the following.
(i)(lsfx;l/i'jx;vj'i) = (]S'x;”i,jx}”j,i);
(ii) If wj ; < wjfor all x.eNg (x;), then(ls:xr}i'jx]m") =51

Proof. (i) Clearly we have (J° :x?/i'jx}”j'i) c (Is:x;N & x}”"'i). For the reverse inclusion, let f€ G(I5) \

G(J5) be a monomial. Then x;divides f, and hencexzmi‘jx]mﬂfasNG (x;) = {x;}. This shows that f €
Wij_ Wji

U x; X; ).

(ii) It is clear that I5~1 € (IS: x:vi'jx;vj'i). Suppose f € g(IS:xr/i‘jx]‘.”j‘i); thenfxr/i"'xf"'i € I°.
We can write fx:Vi"'x;vj'i = ep, ep, - ep h for some e, € G(Iy(G)), 1 < k<s,and h € R. If there
i, Wi

exists some k € [s] such that x;|e, , then epk:x;”" X and hence f =

e e, h€ I571, Otherwise if x; ¢ ep for all k € [s], where [s] = {1, ,s}.

pP1 " epk—1epk+1
Thenxi “’|h. Now 1ij 7|h, then we are through. Otherwise 1ij|epkfor some 1 < k < s,

thenx]‘.’vj'i lep, by our assumption that, w;i < wjfor all x,€ N¢(x;). So again we have f€ [5-1.

The next result gives a bound for the regularity of powers of generalized edge ideals in terms of
the regularity of two different ideals obtained from I4(G)s.

Theorem 3.2. Let G be a simple graph and x;€ V (G) a leaf vertex with N¢(x;) = {x;}. Suppose that I =
I4(G) is a generalized edge ideal of G, | = I,(G\x;), and w; ;< w; cfor all x,€ Ne(x;).
Then for all s = 2
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reg(I®) < w;j +w;; + max{reg(I°~1),reg(J*) — 1}
Proof. Consider the following exact sequence:
R R
0 ﬁf(—W"' —W"') ﬁ—ﬁf% 0
(IS: x;””’x;v’") RO (Is,x;” "x]‘.”" )

By applying Lemma 2.7 and Lemma 3.1, we have

reg(I¥) < max{reg (15: xr]i’jx]‘.yj’i) +w;+wj,reg (15, xr/i’jxj‘.”"'i)}

= max{reg(I®) + w;; + w; j ,reg (]S,xr/i'ijm'i)},
Now by [23, Corollary 3.2] reg(]s,xr]i’jx}”j’i) <reg(J®) + w;; + w;; — 1. Hence,
reg(I°) < max{reg(I°"') +w;; + w;; ,reg(J*) +w;; + w;; — 1}
=w;; +w;; + max{reg(I*~),reg(J°) — 1}.

The following corollary follows directly from the previous result, which will be used to
prove the main theorem in this section.

Corollary 3.3. Let G be a simple graph such that the hypothesis given in Theorem 3.2 is
satisfied. Then using the same notations, we have for all s = 2

reg(I®) S w;; +w;; + max{reg(Is~1),reg(J*)}.

Now we present one of the main results of this article, which gives a bound for the
regularity of powers of generalized edge ideal I;(G) in terms of the regularity of the ideal
I4(G) and the regularity of various powers of the generalized edge ideals of a subgraph
obtained from G.

Theorem 3.4. Let G be a simple graph and x;€ V (G) a leaf vertex with N¢(x;) = {x;}. Suppose
that I = I4(G) is a generalized edge ideal of G, ] = I4(G\x;), and w; ;< w; for all x,€ N¢(x;).
Then forall s = 2

reg(I°) < (s — D(w;; + w;;) + max{reg(I),reg(J*),reg(J?), ...,reg(J*)}.

Proof.We shall proceed by induction on s. For s = 2, the result follows from Corollary 3.3.
Let s = 3 and assume that the result is true for s - 1. Now, by Corollary 3.3 and from the
induction hypothesis, we get
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reg(I®) < w;j +w;; + max{reg(I*~1),reg(J*)}

< Wi,j + Wj,i + max{(s — 2)(Wi,j + Wj,i)
+max{reg(l),reg(J*),reg(J?®), .., reg(°*"")},reg )}

< Wi j + W; i + max{(s - 2)(Wi,j + Wj,i)
+ max{reg(l),reg(J?),reg(J®), .., reg(Js" )}, (s — 2)(w; ; + w;;)
+reg(J*)}

=(s— 1)(wi'j + Wj,i) + max{reg(I),reg(J?),reg(J?), ...,reg(J*)}.
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